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ABSTRACT
The quasi-thermal components found in many Fermi gamma-ray bursts (GRBs) imply that the
photosphere emission indeed contributes to the prompt emission of many GRBs. But whether the
observed spectra empirically fitted by the Band function or cutoff power law, especially the spectral
and peak energy (Ep) evolutions can be explained by the photosphere emission model alone needs
further discussion. In this work, we investigate in detail the time-resolved spectra and Ep evolutions
of photospheric emission from a structured jet, with an inner-constant and outer-decreasing angular
Lorentz factor profile. Also, a continuous wind with a time-dependent wind luminosity has been
considered. We show that the photosphere spectrum near the peak luminosity is similar to the cutoff
power-law spectrum. The spectrum can have the observed average low-energy spectral index α ∼ −1,
and the distribution of the low-energy spectral index in our photosphere model is similar to that
observed (−2 . α . 0). Furthermore, the two kinds of spectral evolutions during the decay phase,
separated by the width of the core (θc), are consistent with the time-resolved spectral analysis results
of several Fermi multi-pulse GRBs and single-pulse GRBs, respectively. Also, for this photosphere
model we can reproduce the two kinds of observed Ep evolution patterns rather well. Thus, by
considering the photospheric emission from a structured jet, we reproduce the observations well for
the GRBs best fitted by the cutoff power-law model for the peak-flux spectrum or the time-integrated
spectrum.
Subject headings: gamma-ray burst: general – radiation mechanisms: thermal – radiative transfer –
scattering
1. INTRODUCTION
After decades of investigations, the radiation mecha-
nism of gamma-ray burst (GRB) prompt emission re-
mains unclear. Optically thin synchrotron emission
caused by internal shocks (Rees & Meszaros 1994) has
been the most widely discussed model for many years,
since it can naturally explain the non-thermal nature
of the observed typical spectrum, which is a smoothly
joint broken power law called the “Band” function
(Band et al. 1993). Observationally, the typical low-
energy photon index α of the Band function is around
−1 (Preece et al. 2000; Nava et al. 2011; Zhang et al.
2011). However, this model is found to face several dif-
ficulties in recent years. First, many of the observed
bursts have a harder low-energy slope than the death
line α = −2/3, which cannot be obtained by basic syn-
chrotron theory (Crider et al. 1997; Preece et al. 1998;
Kaneko et al. 2006; Goldstein et al. 2012). Second, the
spectral width for a large fraction of GRBs is found
so narrow that it cannot be explained by synchrotron
radiation (Axelsson & Borgonovo 2015; Yu et al. 2015).
Third, the narrow distribution at a few hundred keV of
the observed peak energies cannot be well explained. Fi-
nally, since only the relative kinetic energy between dif-
ferent shells in the internal shock model can be released,
the radiation efficiency is rather low (Kobayashi et al.
1997; Lazzati et al. 1999; Guetta et al. 2001; Kino et al.
2004), which contradicts with the observed high ef-
ficiency of a few tens of percent (Fan & Piran 2006;
Zhang et al. 2007; Beniamini et al. 2015).
Due to these difficulties for the internal shock model1,
the photospheric emission model seems to be a promis-
ing scenario (e.g., Thompson 1994; Me´sza´ros & Rees
2000; Rees & Me´sza´ros 2005; Pe’er & Ryde 2011;
Toma et al. 2011; Fan et al. 2012; Lazzati et al. 2013;
Lundman et al. 2013; Ruffini et al. 2013; Deng & Zhang
2014; Be´gue´ & Pe’er 2015; Gao & Zhang 2015;
Pe’er et al. 2015; Ryde et al. 2017; Acuner & Ryde
2018; Hou et al. 2018; Meng et al. 2018; Li 2019a).
The photospheric emission is the reasonable result of
the original fireball model (Goodman 1986; Paczynski
1986), since at the base of the outflow the optical
depth is much greater than unity (e.g. Piran 1999).
As the fireball expands and becomes transparent, the
internally trapped photons are eventually released at
the photosphere. The photospheric emission model
naturally explains the clustering of the peak energies
and the high radiation efficiency observed.
Indeed, a quasi-thermal component has been
found in tens of BATSE GRBs (Ryde 2004, 2005;
Ryde & Pe’er 2009) and some Fermi GRBs (GRB
090902B, Abdo et al. 2009, Ryde et al. 2010, Zhang
2011; GRB100724B, Guiriec et al. 2011; GRB 110721A,
Axelsson et al. 2012; GRB 100507, Ghirlanda et al.
2013; GRB 101219B, Larsson et al. 2015; and the
1 Some scenarios within the synchrotron radiation model have
been proposed to alleviate these difficulties (e.g., Zhang & Yan
2011; Geng et al. 2018a).
2short GRB 120323A, Guiriec et al. 2013). Especially
in the case of GRB 090902B, the photospheric emis-
sion dominates the observed emission. But whether
the whole observed Band function or cutoff power
law is of a photosphere origin remains unknown. If
they are, the quasi-thermal spectrum needs to be
broadened. Two different ways of broadening have
been considered currently: subphotospheric dissipation
(Rees & Me´sza´ros 2005; Giannios 2006; Beloborodov
2017; Vurm & Beloborodov 2016) and geometric broad-
ening (Pe’er 2008; Ito et al. 2013; Lundman et al. 2013;
Deng & Zhang 2014).
Generally, photosphere is defined as a surface where
the Thompson scattering optical depth τ for a photon is
τ = 1. Consistent with Abramowicz et al. (1991), Pe’er
(2008) found that the photospheric radius Rph is angle-
dependent for a relativistic, spherically symmetric wind,
Rph(θ) ∝ (θ
2/3 + 1/Γ2), where θ is the angle measured
from the line of sight (LOS) and Γ is the outflow bulk
Lorentz factor. But in principle, the photons can be last
scattered at any position (r,Ω) inside the outflow, where
r is the distance from the explosion center and Ω(θ, φ)
is the angular coordinates. Thus, a probability function
P (r,Ω) is brought in to describe the possibility of last
scattering at any location (Pe’er 2008; Beloborodov 2011;
Pe’er & Ryde 2011). Also, the observed spectrum is a
superposition of a collection of blackbodies with different
temperature, therefore it is broadened (namely geometric
broadening).
Based on the geometric broadening, Deng & Zhang
(2014) performed a detailed study of the photosphere
emission spectrum for the spherically symmetric wind.
They showed that the spectrum below Ep can be modi-
fied to Fν ∼ ν
1.5 (α ∼ +0.5), which is not consistent well
with the observation (α ∼ −1.0). Also, for the Ep evolu-
tion as a function of photosphere luminosity, the Lph−Ep
anti-correlation is clearly shown. The observed hard-
to-soft evolution and Ep-intensity tracking (Ford et al.
1995; Liang & Kargatis 1996; Ghirlanda et al. 2010;
Lu et al. 2010, 2012) cannot be reproduced well. They
thus claimed that a more complicated photosphere
model may be needed. Here in this work, by considering
the photosphere emission for a jet with lateral structure,
we show that the observed typical low-energy photon
index (α ∼ −1.0) and Ep evolutions (hard-to-soft evolu-
tion or Ep-intensity tracking) can be obtained. Indeed
within the collapsar model (MacFadyen & Woosley
1999), as the jet gets through the collapsing pro-
genitor star, the pressure of the surrounding gas
collimates it (e.g., Zhang,Woosley & MacFadyen
2003; Morsony, Lazzati & Begelman 2007;
Mizuta, Nagataki & Aoi 2011), thus the jet may
have angular profiles of energy flux and Lorentz fac-
tor, namely a structured jet (e.g., Dai & Gou 2001;
Rossi et al. 2002; Zhang & Me´sza´ros 2002; Zhang et al.
2004; Beniamini et al. 2019; Beniamini & Nakar 2019).
Noteworthily, this structured jet is well believed to exist
in GRB 170817A (the first joint detection of short GRB
and gravitational wave, Lazzati et al. 2018; Lyman et al.
2018; Meng et al. 2018; Mooley et al. 2018; Zhang et al.
2018b; Ghirlanda et al. 2019), whose unusual perfor-
mance of the prompt emission and the afterglow has
invoked hot debate (e.g., Ai et al. 2018; Geng et al.
2018b; Li et al. 2018; Lin et al. 2018; Geng et al. 2019;
Lan et al. 2019; Li et al. 2019; Wang et al. 2019).
Previously, Lundman et al. (2013) showed that, with
the collimated and steady-state jet the photospheric
spectrum can reproduce the observed average low-energy
photon index α ≈ −1. But for the photospheric emission
from a structured jet, the time-resolved spectra, the
spectral evolutions, more reasonable energy injection of
continuous wind, the effect of variable wind luminosity
and the evolution of Ep need to be further explored,
which are the main contents in our work.
We calculate the time-resolved photosphere spectra
from a structured jet for progressively more reasonable
energy injections: impulsive injection, continuous wind
with a constant wind luminosity and continuous wind
with a variable wind luminosity. We also perform the
time-resolved spectral analysis of several GRBs observed
by Fermi GBM and possessing a pulse that has a rather
good profile, and then compare the spectral evolutions
of this analysis and the model. In addition, we discuss
the luminosity profiles and Ep evolution based on the
model calculation. We show that the photosphere spec-
trum around the peak luminosity is close to the spectrum
of the cutoff power-law model, which is the best-fit model
for large amounts of the time-resolved spectra in GRBs
(e.g., Kaneko et al. 2006; Yu et al. 2016). Also, the spec-
trum can get a flattened shape (α ∼ −1) below the peak,
and the distribution of the low-energy spectral index is
similar to that observed (−2 . α . 0). Based on the
model calculation, the two types of spectral evolutions
(decided by the width of the core) during the decay phase
are consistent with the time-resolved spectral analysis re-
sults of several Fermi multi-pulse GRBs and single-pulse
GRBs, respectively. Finally, for this photosphere model
we can reproduce the two types of observed Ep evolution
patterns rather well.
The paper is organized as follows. In Section 2, we de-
scribe the basic assumptions in our photosphere model.
We then present the calculations of the time-resolved
photosphere spectra for progressively more reasonable
energy injections, the time-resolved spectral analysis of
several Fermi GRBs and the discussion on Ep evolution
in Section 3. The conclusions are drawn in Section 4.
2. BASIC ASSUMPTIONS
The basic physical picture of our paper is shown in Fig-
ure 1. The photons are continuously emitted into a series
of layers released by a long-lasting central engine, and the
wind luminosity of the central engine is time-dependent,
similar to those in Deng & Zhang (2014) (see Figure 1
therein). But in our model, the jet is structured, with
an inner-constant and outer-decreasing angular Lorentz
factor profile (as seen in Figure 1 of Lundman et al.
2013) and an angle-independent luminosity2. The an-
gular Lorentz factor profile takes the form
(Γ− Γmin)
2 =
(Γ0 − Γmin)
2
(θ/θc)2p + 1
, (1)
2 As shown in Lundman et al. (2013), for a prompt GRB spec-
trum the part expected to be observed is formed by the pho-
tons making their final scattering at approximately . 5/ Γ0,
where dL/dΩ ≈ const (see the top panels of Figures 8 and 9 in
Zhang,Woosley & MacFadyen 2003).
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Fig. 1.— Basic picture of our model. Long-lasting central engine
with a variable wind luminosity and an inner constant and outer
decreased angular Lorentz factor profile are assumed. Different col-
ors of the layers represent different wind luminosity (the maximum
for the red, the minimum for the blue). Also, the grayscale in the
lateral directions shows the Lorentz factor profile (darker for larger
Lorentz factor).
where Γ0 is the constant Lorentz factor in the jet core, θc
is the half-opening angle for the jet core, p is the power-
law index of the profile, and Γmin = 1.2 is the minimum
value of the Lorentz factor.
Also, the effect of the non-zero viewing angle (θv) is
the same as that shown in Figure 2 of Lundman et al.
(2013). There are two sets of spherical coordinates in
the jet: the spherical coordinates (r, θ, φ) with the polar
axis parallel to the jet axis of symmetry and the spherical
coordinates (r, θLOS, φLOS) with the polar axis parallel to
the LOS. The radial coordinate (r) is along the axis at
an angle θLOS to the LOS and θ to the jet axis.
3. THE TIME-RESOLVED SPECTRA OF MODEL AND
OBSERVATION
In this section, we firstly present calculations of the
time-resolved photosphere spectra for progressively more
reasonable energy injections, impulsive injection in Sec-
tion 3.1, continuous wind with a constant wind luminos-
ity in Section 3.2, and continuous wind with a variable
wind luminosity in Section 3.3. Then in Section 3.4, we
compare them with the time-resolved spectral analysis
results of several GRBs observed by Fermi GBM and
possessing a pulse that has a rather good profile. Finally,
discussions on the luminosity profiles and Ep evolution
patterns are presented in Section 3.5.
3.1. Impulsive Injection
In this section, to calculate the time-resolved spectra,
we modify Equation (10) in Lundman et al. (2013) which
calculates the time-integrated photospheric spectrum:
F obE (θv)=
1
4pid2L
∫∫
(1 + β)D2
dN˙γ
dΩ
×
Rdcp
r2
exp
(
−
Rph
r
)
×
{
E
dP
dE
}
dΩdr, (2)
where both the velocity β and the Doppler factor D =
[Γ(1 − β cos θLOS)]
−1 depend on the angle θ to the jet
axis of symmetry [β = β(θ), D = D(θ, θLOS)]. θLOS is
the angle to the LOS. While the viewing angle θv is the
angle of the jet axis of symmetry to the LOS. If θv = 0,
then θ = θLOS. Else if θv > 0, we have
θ = θ(θLOS, φLOS)
= arccos[cos(θLOS) cos(θv) + sin(θLOS) sin(θv) cosφLOS].
(3)
Thus, β(θLOS, φLOS) = β[θ(θLOS, φLOS)] and
D(θLOS, φLOS) = D[θ(θLOS, φLOS), θLOS].
Since the outflow luminosity is assumed to be angle-
independent, the photon emission rate at the base of the
outflow, r = r0, is also independent of angle, dN˙γ/dΩ =
N˙γ/4pi and N˙γ = L/2.7kBT0, where L is the total outflow
luminosity and T0 = (L/4pir
2
0ac)
1/4 is the base outflow
temperature.
The decoupling radius, Rdcp, is defined as the radius
where the optical depth to scattering a photon moving
in the radial direction becomes unity. While the photo-
spheric radius, Rph, is the radius where the optical depth
to scattering a photon moving towards the observer be-
comes unity. Their difference is the direction where the
photon propagates.
The decoupling radius, Rdcp, can be calculated by
Rdcp =
1
(1 + β)βΓ2
σT
mpc
dM˙
dΩ
, (4)
where dM˙(θ)/dΩ = L/4pic2Γ(θ) is the angle-dependent
mass outflow rate per solid angle. Thus, the decoupling
radius is also angle-dependent.
While the photospheric radius, Rph, can be written as
Rph =
σT
mpc sin θLOS
∫ θLOS
0
(1− β cos θ˜
LOS
)
β
dM˙
dΩ
dθ˜
LOS
.
(5)
In the former term of Equation (2), [(1 + β)D2/4pi] ·
(Rdcp/r
2) exp (−Rph/r) represents the probability den-
sity function for the final scattering to happen at the
radius r and the angular coordinate Ω(θ, φ), namely,
P (r,Ω). Also, this term is very similar to the proba-
bility density function used in Pe’er & Ryde (2011) and
that introduced in Beloborodov (2011).
For the latter term E · (dP/dE), dP/dE describes the
probability for a photon to have an observer frame energy
Fig. 2.— Instantaneous photosphere spectra from a structural
jet with impulsive injection of energy. The Lorentz factor profile
Γ0 = 400, θcΓ0 = 1 and p = 1 is used along with θv = 0. A total
outflow luminosity of L = 1052 erg s−1 is assumed, base outflow
radius r0 = 108 cm, and luminosity distance dL = 4.85 × 10
28
cm (z = 2). Different line styles represent different observational
times.
4.
Fig. 3.— Time-resolved spectra for different Lorentz factor profiles or viewing angle. (a) A larger Lorentz factor gradient p = 4, along
with Γ0 = 400, θcΓ0 = 1 and θv = 0. (b) Γ0 = 200, with θc = 1/ Γ0, p = 1 and θv = 0. (c) A wider jet core θc = 10/Γ0 = 1/40, with
Γ0 = 400, p = 1 and θv = 0. (d) Gaussian jet with Γ0 = 400, θc = 1/400, and θv = 0. (e) Non-zero viewing angle θv = 1/200, with
Γ0 = 400, θc = 1/400 and p = 1. The yellow spectra in each figure represent the spectra of the corresponding time in Figure 2. While the
black solid spectra in Figure 3c are for the uniform jet. Note that the line styles and the corresponding observational times within the box
in Figure 3a are applied to all the figures (from 3a to 3e).
between E and E+ dE within volume element dV . It is
derived as
dP
dE
=
1
2.40(kBT ob)3
E2
exp(E/kBT ob)− 1
, (6)
where T ob(r,Ω) = D(Ω)· T
′
(r,Ω) is the observer frame
temperature, T
′
(r,Ω) is the comoving temperature. No-
tice that the comoving temperature also depends on the
angle, since the Lorentz factor Γ, the saturation ra-
dius Rs and the photospheric radius Rph are all angle-
dependent, i.e.,
T ′(r,Ω) =


T0
Γ(Ω) , r < Rs(Ω) < Rph(Ω),
T0[r/Rs(Ω)]
−2/3
Γ(Ω) , Rs(Ω) < r < Rph(Ω),
T0[Rph(Ω)/Rs(Ω)]
−2/3
Γ(Ω) , Rs(Ω) < Rph(Ω) < r.
(7)
Adding a δ-function δ(t−ru/βc) to Equation (2), u =
(1− β cos θLOS) here, we get the formula that calculates
the instantaneous spectrum at the observer time t:
F obE (θv, t)=
1
4pid2L
∫∫
(1 + β)D2
dN˙γ
dΩ
×
Rdcp
r2
exp
(
−
Rph
r
)
{
E
dP
dE
}
× δ(t−
ru
βc
) dΩdr. (8)
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Since βc/u is independent of t, we have δ(t− ru/βc) =
(βc/u) × δ(r = βct/u). Meanwhile, taking into account
the effect of redshift, we have
F obEob(θv, t) =
1
4pid2L
∫
(1 + β)D2
dN˙γ
dΩ
×
Rdcp
r2
exp
(
−
Rph
r
)
{
E
dP
dE
}
×
βc
u
dΩ, r =
βct
u
, E = (1 + z)Eob.
(9)
So, through the numerical integration of Equation (9),
we obtain the time-resolved spectra. The results are pre-
sented in Figs 2 and 3. We have considered a big set of
the parameter space region: Γ0 = 200, 400; p = 1, 4;
θcΓ0 = 1, 10 and θv/θc = 0, 2. The Gaussian jet is con-
sidered, too. Also, a total outflow luminosity of L = 1052
erg s−1 and the base outflow radius r0 = 10
8 cm are as-
sumed. A luminosity distance of dL = 4.85 × 10
28 cm
(z = 2, which is the peak of the GRB formation rate
according to Pescalli et al. 2016) is used for spectrum
normalization and redshift effect.
In Figure 2, we consider a narrow jet core (θc = 1/Γ0)
with the Lorentz factor gradient p = 1 observed at θv =
0. Obviously, in this case the time-resolved photosphere
spectrum evolves from the pure blackbody (early on) to
a power law with negative index (Fν ∼ ν
−1.75). The late-
time spectrum is quite different from the flattened shape
for the uniform jet (Pe’er & Ryde 2011; Deng & Zhang
2014). In addition, the power law has an exponential tail
of blackbody emission at the high-energy end, which is
the same as the case of the uniform jet.
From Figure 3, we can compare the spectral evolutions
for different Lorentz factor profiles or viewing angle. As
shown in Figure 3a, with a larger Lorentz factor gradi-
ent p = 4, the late-time power law is more flat. This is
because that the outer jet region becomes more narrow
and thus contributes less to the spectra. Also, Figure 3d
is quite similar to Figure 3a, because the Lorentz factor
falls down very quickly for the Gaussian profile, too. For
p = 4, when Γ ∼ 1, we have θ ∼ (Γ0/1)
1/4 · θc ∼ 4.5θc;
while for Gaussian jet, θ ∼
√
2 ln(Γ0/1) ·θc ∼ 3.5θc. Fig-
ure 3b shows that, when Γ0 is smaller the slope of the
power law has no change, but the cut-off energy on the
high-energy end decreases. Surely the peak energy of the
early-time blackbody decreases too, and the blackbody
arrives later. Furthermore, Figure 3e is close to Figure
3b, which means if the viewing angle is non-zero the spec-
tral evolution is similar. Finally, Figure 3c presents the
time-resolved spectra for a wider jet core θc = 10/Γ0.
Compared with the yellow spectra (for the narrow jet
core), we find that the late-time power law flattens sig-
nificantly, but not completely (compared with the black
solid spectra for the uniform jet).
3.2. Continuous Wind with a Constant Wind
Luminosity
GRBs are observed to have a duration, we thus con-
sider the more reasonable case that the central engine
produces a continuous wind. In this section, the wind
luminosity and the baryon loading rate at different time
are assumed to be constant, thus the Lorentz factor is
Fig. 4.— Time-resolved photosphere spectra for the continuous
wind with abrupt shut-down at 1 s (red). The parameters are the
same as Figure 2.
also constant:
Lw(tˆ)=L0,
M˙(tˆ)= M˙0,
η(tˆ)=Γ(tˆ) = Γ(tˆ = 0), (10)
where tˆ indicates the central-engine time since the very
first layer of the wind was injected.
We may consider that the wind consists of many thin
layers, with each layer indicated by its injection time tˆ .
For a layer ejected from tˆ to tˆ + dtˆ, the spectrum at the
observer time t (for t > tˆ) is
F obEob(θv, t, tˆ) =
1
4pid2L
∫
(1 + β)D2
dN˙γ
dΩ
×
Rdcp
r2
exp
(
−
Rph
r
) {
E
dP
dE
}
×
βc
u
dΩ,
r =
βc(t− tˆ)
u
, E = (1 + z)Eob. (11)
Compared with Equation (9), the only difference is r =
βc(t− tˆ)/u. Then, by integrating over all the layers, we
get the spectrum at t, i.e.,
F obEob(θv, t) =
∫ t
0
F obEob(θv, t, tˆ)dtˆ. (12)
Figure 4 presents the time-resolved photosphere spec-
tra of the continuous wind with time-independent lumi-
nosity and Lorentz factor (before 1 s), and the spectral
evolution after an abrupt shut-down (at 1 s). Here, we
take the same parameters as Figure 2. Before 1 s, the
spectrum evolves from a pure blackbody (t = 10−4 s)
to the spectrum with a flattened shape (Fν ∼ ν
0) be-
low the peak. This is caused by the superposition of
emission from all layers, since the spectrum from the old
layer is a power law with negative index (Fν ∼ ν
−1.75)
as shown in Figure 2. The flattened shape (Fν ∼ ν
0)
below the peak is consistent with the average low-energy
spectral index for the time-resolved spectra observed in
GRBs (e.g., Kaneko et al. 2006; Yu et al. 2016). After an
abrupt shut-down (at 1 s) the power law with negative
index shows up quickly, but the flux is predominantly
low, meaning that there is a rapid falling phase (see the
6Fig. 5.— Photosphere luminosity light curves of continuous
winds, which shut down at 1 s (red) and 10 s (blue). After the
shut-down, the light curves fall quickly before entering the t−2
phase.
photosphere luminosity light curves in Figure 5). This is
the same as the case of the uniform jet.
3.3. Continuous Wind with a Variable Wind
Luminosity
Since the light curves of the GRBs show relatively slow
change in luminosity, unlike the steep rise and fall (al-
most within 10−4 s) for the case of constant wind lumi-
nosity, the wind luminosity may vary with time, rising
and then falling gradually.
3.3.1. Wind Luminosity History
Generally, GRB pulses can be fitted well with the expo-
nential model (Norris et al. 2005) or the smoothly joint
broken power law model (Kocevski et al. 2003). So, we
approximate the wind luminosity history with the bro-
ken power law model and the exponential model, respec-
tively.
For the broken power law model, the rising and decay-
ing indices are ar and ad respectively, along with a peak
luminosity Lw,p at tˆp. Then in the rising phase (tˆ < tˆp),
the luminosity history can be written as
logLw(tˆ) = ar log tˆ+ br, (13)
while in the decaying phase (tˆ > tˆp), as
logLw(tˆ) = ad log tˆ+ bd, (14)
where br = logLw,p − ar log tˆp and bd = logLw,p −
ad log tˆp are normalization parameters.
For the exponential model, the luminosity history can
be
Lw(tˆ > tˆs) = Lw,p × exp
[
2 (τ1/τ2)
1/2
]
× exp
(
−
τ1
tˆ− tˆs
−
tˆ− tˆs
τ2
)
, (15)
where tˆs is the start time, τ1 and τ2 are respectively the
characteristic time scales indicating the rise and decay
periods, Lw,p is still the peak of luminosity at tˆp, and
tˆp = tˆs + (τ1 · τ2)
1/2
.
3.3.2. Spectra Calculation
From Equation (4), we have Rdcp ∝ Lw
3. In addition,
Rs = Γr0 is independent of Lw. So we normally have
Rdcp ≥ Rs for a relatively large Lw (Lw = 10
52 erg s−1);
but as the wind luminosity may rise and then fall, we may
have Rdcp < Rs in the relatively early and late periods
of the pulse. In the following, we deal with these two
cases, respectively.
Rdcp ≥ Rs Case— Since the outflow luminosity varies
with time, dN˙γ/dΩ is surely time-dependent,
dN˙γ(tˆ)
dΩ
=
N˙γ(tˆ)
4pi
,
N˙γ(tˆ) =
Lw(tˆ)
2.7kBT0(tˆ)
, T0(tˆ) =
(
Lw(tˆ)
4pir20ac
)1/4
. (16)
Note that T0 is time-dependent, too.
When calculating the decoupling radius Rdcp, the op-
tical depth can be written as
τ =
1
(1 + β)βΓ2
σT
mpc
∫
∞
Rdcp
dM˙
dΩ
1
r2
dr. (17)
Here, dM˙(θ)/dΩ should depend both on tˆ and r (r >
Rdcp). Also, dM˙/dΩ and Γ are both angle-dependent.
We omit writing angular dependences here and below for
clarity. dM˙(tˆ, Rdcp)/dΩ = dM˙(tˆ)/dΩ = Lw(tˆ)/4pic
2Γ is
the mass outflow rate at the central engine time tˆ, while
dM˙(tˆ, r)
dΩ
=
Lw(tˆ−∆tˆ)
4pic2Γ
(18)
denotes the mass outflow rate at tˆ − ∆tˆ (much earlier
than tˆ), ∆tˆ = (r − Rdcp)/2Γ
2βc. In addition, since
τ ∼ 1/r, we can set the upper limit in Equation (17)
as 11Rdcp. Then, for Lw = 10
52 erg s−1 and Γ = 200, ∆tˆ
= 10(Rdcp/2Γ
2βc) ∼ 3 × 10−3 s ≪ 1 s. Thus, we may
consider dM˙/dΩ to be independent of r, which means
Rdcp(tˆ) =
1
(1 + β)βΓ2
σT
mpc
dM˙(tˆ)
dΩ
. (19)
And the other way round, when the photon emitted from
the layer (tˆ) catches up with the only slightly earlier layer
(tˆ−∆tˆ, ∆tˆ ∼ 3×10−3 s), it has reached a quite large ra-
dius 11Rdcp. This means that the assumption of infinity
outer boundary is reasonable.
For the same reason, we take dM˙(tˆ, r)/dΩ ≃
dM˙(tˆ, Rph)/dΩ = dM˙(tˆ)/dΩ (r > Rph), regardless of
the angle-dependent ∆tˆ. Thus, the time-dependent pho-
tospheric radius Rph(tˆ) can be written as
Rph(tˆ) =
σT
mpc sin θLOS
∫ θLOS
0
1− β cos θ˜
LOS
β
dM˙(tˆ)
dΩ
dθ˜
LOS
.
(20)
3 As shown in Figure 4 in Lundman et al. (2013), Rph ∼ Rdcp.
Thus, we only use Rdcp to judge how large Lw is.
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Fig. 6.— Time-resolved spectra of winds with variable luminosity for different luminosity histories. A peak time tˆp = 2.4 s and a peak
luminosity Lw, p = 1052 erg s−1 are adopted for all cases. (a) The broken power law model with ar = 0.75 and ad = −5. (b) The broken
power law model with ar = 0.75 and ad = −8. (c) The exponential model with τ1 = 32, τ2 = 0.5 and tˆs = −1.6. The other parameters
are the same as Figure 2. The Lorentz factor profile Γ0 = 400, θcΓ0 = 1 and p = 1 is used along with θv = 0. The base outflow radius
r0 = 108 cm is assumed, and luminosity distance dL = 4.85× 10
28 cm (z = 2). Different colors represent different observational times.
Then, the comoving temperature T
′
(r,Ω, tˆ) can be ob-
tained by (omitting angular dependences):
T ′(r, tˆ) =


T0(tˆ)/Γ, r < Rs < Rph(tˆ),
T0(tˆ)[r/Rs]
−2/3/Γ, Rs < r < Rph(tˆ),
T0(tˆ)[Rph(tˆ)/Rs]
−2/3/Γ, Rs < Rph(tˆ) < r.
(21)
Similar to the case of constant wind luminosity, we have
F obEob(θv, t, tˆ) =
1
4pid2L
∫
(1 + β)D2
dN˙γ(tˆ)
dΩ
×
Rdcp(tˆ)
r2
exp
(
−
Rph(tˆ)
r
){
1
2.40
[E/kBDT
′(r, tˆ)]3
exp[E/kBDT ′(r, tˆ)]− 1
}
×
βc
u
dΩ,
r =
βc(t− tˆ)
u
, E = (1 + z)Eob. (22)
Then, using Equation (12) to integrate over all the
layers, we get the spectrum at t. Note that we must
judge whether we have Rdcp(tˆ) ≥ Rs for the layer ejected
at tˆ; if not, we should calculate as following.
Rdcp < Rs Case— In this condition, dN˙γ(tˆ)/dΩ is
still calculated by Equation (16). As for the decoupling
radius Rdcp, we have
Rdcp(tˆ) =
[
σT
6mpc
dM˙(tˆ)
dΩ
r20
]1/3
. (23)
Meanwhile, firstly Γ depends on both r and θ, thus it
is hard to calculate Rph(tˆ). Secondly, Rph ∼ Rdcp(see
the Figure 4 in Lundman et al. 2013). Thirdly, since
Rdcp < Rs the observed temperature is close to T0 if
θ is not too large. While as shown in Lundman et al.
(2013), for a prompt GRB spectrum the part expected to
be observed is formed by the photons making their final
scattering at approximately . 5/ Γ0. For simplicity, we
take
Rph(tˆ) = Rdcp(tˆ). (24)
Besides, the comoving temperature T
′
(r, tˆ) is given by
T ′(r, tˆ) = T0(tˆ)/Γ(tˆ), (25)
where Γ(tˆ) = Rdcp(tˆ)/r0. Then, F
ob
Eob(θv, t, tˆ) is still cal-
culated by Equation (22), except that
β=β(tˆ) = {1− [Γ(tˆ)]−2}1/2,
D=D(tˆ) =
1
Γ(tˆ)
1
1− β(tˆ) cos θLOS
. (26)
3.3.3. Results
Figures 6a-6c show the calculated, instantaneous spec-
tra of winds with variable luminosity for different lumi-
nosity histories. We fix tˆp = 2.4 s, Lw,p = 10
52 erg
s−1, r0 = 10
8 cm and dL = 4.85 × 10
28 cm (z = 2),
and use the Lorentz factor profile Γ0 = 400, θcΓ0 = 1,
p = 1 along with θv = 0. We investigate three dif-
ferent luminosity profiles, the broken power law model
with (ar, ad) = (0.75,−5), (0.75,−8) and the exponen-
tial model with τ1 = 32, τ2 = 0.5 and tˆs = −1.6. For
each plot, different colors show different observational
8Fig. 7.— Time-resolved spectra of winds with variable luminosity for different Lorentz factor profiles. (a) p = 4. (b) θcΓ0 = 10, p = 4.
(c) θcΓ0 = 10, p = 1. (d) θcΓ0 = 1/10, p = 0.5. The other parameters are the same as Figure 6c. Different colors represent different
observational times.
times. Obviously, during the rising phase (t = 0.5 s or
1.2 s, 2.4 s) the resulting spectra are quite similar to those
for the case of the constant luminosity (Figure 4), i.e.,
the spectra have a flattened shape (Fν ∼ ν
0) below the
peak, consistent with the average low-energy spectral in-
dex for the time-resolved spectra observed in GRBs (e.g.,
Kaneko et al. 2006; Yu et al. 2016), and caused by the
superposition of emission from the layers injected at dif-
ferent times. During the decay phase (t = 5 s, 7 s, 10 s),
the power law with negative index shows up gradually.
The reason is that the high-latitude emission becomes
more dominant (see Figure 2), since it comes from the
much earlier layers that have higher luminosities. The
steeper the decay phase gets, the more significant the
power law with negative index is. For the broken power
law model with (ar, ad) = (0.75,−8) and the exponential
model, the spectrum at t = 10 s is fully a power law with
negative index.
In Figures 7a-7d, we compare the resulting time-
resolved spectra for different Lorentz factor profiles. The
other parameters are the same as Figure 6c. As shown
in Figure 7a, with a larger Lorentz factor gradient p = 4,
the resulting spectra during the rising phase (t = 1.2 s,
2.4 s) are a little harder (Fν ∼ ν
0.5) below the peak, dur-
ing the decay phase (t = 5 s, 7 s, 10 s), a power law with
negative index still shows up gradually. At t = 7 s, the
spectrum is the mix of a power law with negative index
on the low-energy end and a modified blackbody with a
shallower low-energy spectral index (α ∼ −0.5) on the
high-energy end. While the spectrum at t = 10 s is fully
a power law with negative index. Figure 7b presents the
time-resolved spectra for a wider jet core with θcΓ0 = 10
and p = 4, the resulting spectra during the rising phase
are similar to Figure 7a, with Fν ∼ ν
1.0 below the peak.
At t = 7 s, the spectrum is still the mix of a power
law with negative index and a modified blackbody with
a shallower low-energy spectral index (α ∼ 0.0). How-
ever, the spectrum at t = 10 s is not a power law with
negative index, but a modified blackbody with a flat-
tened shape (Fν ∼ ν
0) below the peak. Figure 7c shows
that, with θcΓ0 = 10 and p = 1, the resulting spectra
during the rising phase and the decay phase are almost
the same, i.e., a modified blackbody with a shallower
low-energy spectral index (α ∼ 0.0). Finally, Figure 7d
presents the time-resolved spectra for a narrower jet core
with θcΓ0 = 1/10 and p = 0.5, the resulting spectra dur-
ing the rising phase are much softer (Fν ∼ ν
−0.8) below
the peak, which is consistent with the lowest low-energy
spectral index for the time-resolved spectra observed in
GRBs (e.g., Kaneko et al. 2006; Yu et al. 2016). During
the decay phase, a power law with negative index shows
up gradually also.
Figures 8a-8c show the resulting time-resolved spec-
tra for non-zero viewing angle or smaller Γ0. Figure 8a
shows that, for a non-zero viewing angle θv = 1/400, the
resulting spectra during the rising phase are similar to
those for θv = 0 (see Figure 6c), i.e., the spectra have
a flattened shape (Fν ∼ ν
0) below the peak, but the Ep
is much smaller. During the decay phase, the resulting
spectra are similar to those for θv = 0, too. For Γ0 = 200
(smaller), θc = 1/200 in Figure 8b and θc = 1/40, p = 4,
θv = 1/40 in Figure 8c, the resulting spectra during the
rising and decay phases are similar to Figure 8a.
In Figures 9a and 9b, we consider the influence of dif-
ferent r0 or Lw,p on the time-resolved spectra, respec-
tively. For r0 = 10
9 cm and Lw,p = 10
53 erg s−1, the
resulting spectra during the rising phase change little
(compared with Figure 6c). But during the decay phase,
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Fig. 8.— Time-resolved spectra of winds with variable luminosity for non-zero viewing angle or smaller Γ0. (a) θv = 1/400. (b)
Γ0 = 200, θc = 1/200. (c) θc = 1/40, p = 4 and θv = 1/40. The other parameters are the same as Figure 6c. Different colors represent
different observational times.
Fig. 9.— Time-resolved spectra of winds with variable luminosity for different r0 or Lw, p. (a) r0 = 109 cm. (b) Lw, p = 1053 erg
s−1. The other parameters are the same as Figure 6c. Different colors represent different observational times.
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the power law with negative index shows up more quickly
for r0 = 10
9 cm, while same with Figure 6c for Lw,p
= 1053 erg s−1.
3.4. Time-resolved spectral analysis of GRBs observed
by Fermi GBM
Previously, we calculated the time-resolved spectra of
winds with variable luminosity for a big set of the param-
eter space region. Here, we perform time-resolved spec-
tral analysis of several GRBs observed by Fermi GBM
and possessing a pulse that has a rather good profile.
By comparison, we may know whether the photosphere
model with an angular Lorentz factor profile can explain
the observed spectral evolution well. We select the GRBs
based on Lu et al. (2012), and divide the GRBs into
two categories: multi-pulse GRBs (GRB 081125, GRB
090131B and GRB 090626A) which have multiple pulses,
and single-pulse GRBs (GRB 081224, GRB 090809B and
GRB 110817A) which have single pulse4.
3.4.1. multi-pulse GRBs
Figure 10 shows the time-resolved spectral analysis re-
sults of GRB 081125. Three different empirical mod-
els are fitted to each observed time-resolved spectrum,
namely, the Band function (BAND), the cutoff power law
(COMP) model and a simple power law (PL). In the top
right panel, we present the model spectra of the best-fit
models with corresponding parameters for 2.35−2.8 s and
6.3− 9.6 s. The spectral fits to the time-resolved spectra
for 2.35− 2.8 s and 6.3− 9.6 s are illustrated in the mid-
dle left panel and the bottom right panel, respectively.
But we find that neither of the three different empiri-
cal models can fit the time-resolved spectra very well for
4.3−5.3 s and 5.3−6.3 s, since the time-resolved spectra
seem to be fitted better with the power law model on the
low-energy end and the COMP model on the high-energy
end. The combined model spectra of the PL plus COMP
model with corresponding rough5 best-fit parameters are
shown in the top right panel also. The observed spectra
(fitted with the PL model) for 4.3 − 5.3 s and 5.3 − 6.3
s are illustrated in the middle right panel and the bot-
tom left panel, respectively. We find that the observed
spectral evolution is quite similar to that for the case of
θcΓ0 = 1 and p = 4 (shown in the top left panel, and
same as Figure 7a). The spectra during the rising phase
(t = 1.2 s, 2.4 s for model, 2.35−2.8 s for observation) are
cutoff power law with a little harder than the flattened
shape below the peak, during the decay phase (t = 5 s, 7
s, 10 s for model, 4.3−5.3 s, 5.3−6.3 s and 6.3−9.6 s for
observation), a power law with negative index shows up
gradually. At t = 7 s for model and 4.3−5.3 s, 5.3−6.3 s
for observation, the spectra are all the mix of the power
law with negative index on the low-energy end and the
modified blackbody with a shallower low-energy spectral
index (larger than −1) on the high-energy end. While
the spectra at t = 10 s for model and 6.3 − 9.6 s for
observation both are fully the power law with negative
4 Note that several recent works study the spectral characteris-
tics of the single-pulse dominated GRBs (Yu et al. 2018) and some
special multi-pulse GRBs (e.g., Lu¨ et al. 2017; Wei et al. 2017;
Zhang et al. 2018a; Li 2019b).
5 Since we do not fit the cutoff energy for these two models but
fix it at a rough value.
index. Our best-fit results of the time-resolved spectra
from GRB 081125 are almost consistent with those of
Yu et al. (2016), where the best-fit models before 3.615
s are all the COMP model and the best-fit models after
3.615 s are the PL model.
Similarly, Figure 11 shows the time-resolved spectral
analysis results of GRB 090131B. The best-fit results of
the time-resolved spectra for several different time inter-
vals are presented in the top right panel. In the bot-
tom panels, the spectral fits to the time-resolved spectra
for 24.2 − 26.6 s (left) and 26.6 − 30 s (right) are illus-
trated. The observed spectral evolution is found to be
quite similar to that for the case of θcΓ0 = 1 and p = 1
(shown in the top left panel, and same as Figure 6c).
The spectra during the rising phase (t = 1.2 s, 2.4 s for
model, 22.658− 22.907 s, 22.907− 23.168 s for observa-
tion) are cutoff power law with the flattened shape below
the peak, during the decay phase (t = 5 s, 7 s, 10 s for
model, 23.5 − 24.2 s, 24.2 − 26.6 s and 26.6 − 30 s for
observation), a power law with negative index shows up
gradually. At t = 7 s for model and 23.5 − 24.2 s for
observation, the spectra both are the mix of the power
law with negative index on the low-energy end and the
modified blackbody with the low-energy flattened shape
on the high-energy end. While the spectra at t = 10 s for
model and 24.2− 26.6 s, 26.6− 30 s for observation (see
the two bottom panels) are all fully the power law with
negative index. Our best-fit results of the time-resolved
spectra from GRB 090131B are also almost consistent
with those of Yu et al. (2016), where the best-fit models
before 23.422 s are all the COMP model and the best-fit
models after 23.898 s are the PL model.
Also, Figure 12 shows the time-resolved spectral anal-
ysis results of GRB 090626A. The best-fit results of the
time-resolved spectra for several different time intervals
are presented in the left panel, and the spectral fits to the
time-resolved spectrum for 8.9− 14 s in the right panel.
The observed spectral evolution is similar to that for the
case of θcΓ0 = 1 and p = 1 (see Figure 6c), too. And
the best-fit results of the time-resolved spectra are also
almost consistent with those of Yu et al. (2016), where
the best-fit models after 5.888 s are the PL model.
3.4.2. single-pulse GRBs
Figure 13 shows the time-resolved spectral analysis re-
sults of GRB 081224. The best-fit results of the time-
resolved spectra for several different time intervals are
presented in the top right panel. In the bottom pan-
els, the spectral fits to the time-resolved spectra for
2.370 − 3.037 s (left) and 8.019 − 13.930 s (right), and
the observed spectra (fitted with the PL model) for
5.792 − 8.019 s (middle) are illustrated. The observed
spectral evolution is found to be quite similar to that for
the case of θcΓ0 = 10 and p = 4 (shown in the top left
panel, and same as Figure 7b). The spectra during the
rising phase (t = 1.2 s, 2.4 s for model, 2.370 − 3.037 s
for observation) are still the cutoff power law with a little
harder than the flattened shape below the peak. At t = 7
s for model and 5.792− 8.019 s for observation, the spec-
tra both are the mix of the power law with negative index
on the low-energy end and the modified blackbody with
a shallower low-energy spectral index (larger than −1)
on the high-energy end. However, the spectra at t = 10 s
for model and 8.019−13.930 s for observation are not the
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Fig. 10.— Comparison of the calculated time-resolved spectra for θcΓ0 = 1, p = 4 and the time-resolved spectral analysis results of GRB
081125. Top left panel: the calculated time-resolved spectra for θcΓ0 = 1 and p = 4, same as Figure 7a. Top right panel: the best-fit model
spectra of the time-resolved spectra from GRB 081125 for several different time intervals. Middle and bottom panels: the spectral fits to
the time-resolved spectra for 2.35− 2.8 s (middle left) and 6.3− 9.6 s (bottom right), and the observed spectra (fitted with the PL model)
for 4.3− 5.3 s (middle right) and 5.3− 6.3 s (bottom left).
power law with negative index, but the modified black-
body with the flattened shape (Fν ∼ ν
0) below the peak.
The best-fit results of the time-resolved spectra are al-
most consistent with those of Yu et al. (2016), where the
best-fit models before 13.975 s are all the COMP model
and the best-fit low-energy spectral index changes from
−0.2 to −1.
Figures 14 and 15 present the time-resolved spectral
analysis results of GRB 090809B and GRB 110817A,
respectively. The observed spectral evolution for each
is similar to that for GRB 081224, thus the case of
θcΓ0 = 10 and p = 4. The best-fit results of the time-
resolved spectra are also almost consistent with those of
Yu et al. (2016).
According to the above analyses, we can see that the
photosphere model with an angular Lorentz factor pro-
file may explain the observed spectral evolution well. In
addition, the observed spectral evolutions for multi-pulse
GRBs and single-pulse GRBs seem to be different. The
θc for multi-pulse GRBs seems to be more narrow, while
much wider for the single-pulse GRBs.
3.5. Luminosity profiles and Ep evolution
The light curve is an important observational charac-
teristic for GRBs. Here, in Figure 16, we use the light
curve profiles of a few GRBs to test the reasonability of
our initial wind luminosity Lw profiles
6. Also, we ex-
plore the parameter dependencies of the photosphere lu-
minosity Lph profiles. For the initial wind luminosity Lw
profile of ar = 0.75 and ad = −5, the photosphere lu-
minosity Lph profile (blue triangle points) is close to the
light curve profile of GRB 090131B. While for the ini-
6 Note that we mainly focus on the decay phase since the time
scale for the rise phase is quite short.
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Fig. 11.— Comparison of the calculated time-resolved spectra for θcΓ0 = 1, p = 1 and the time-resolved spectral analysis results of GRB
090131B. Top left panel: the calculated time-resolved spectra for θcΓ0 = 1 and p = 1, same as Figure 6c. Top right panel: the best-fit
model spectra of the time-resolved spectra from GRB 090131B for several different time intervals. Bottom panels: the spectral fits to the
time-resolved spectra for 24.2− 26.6 s and 26.6− 30 s (from left to right), respectively.
Fig. 12.— The time-resolved spectral analysis results of GRB 090626A. Left panel: the best-fit model spectra of the time-resolved spectra
from GRB 090626A for several different time intervals. Right panel: the spectral fits to the time-resolved spectrum for 8.9− 14 s.
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Fig. 13.— Comparison of the calculated time-resolved spectra for θcΓ0 = 10, p = 4 and the time-resolved spectral analysis results of
GRB 081224. Top left panel: the calculated time-resolved spectra for θcΓ0 = 10 and p = 4, same as Figure 7b. Top right panel: the best-fit
model spectra of the time-resolved spectra from GRB 081224 for several different time intervals. Bottom panels: the spectral fits to the
time-resolved spectra for 2.370 − 3.037 s (left) and 8.019 − 13.930 s (right), and the observed spectrum (fitted with the PL model) for
5.792− 8.019 s (middle).
Fig. 14.— The time-resolved spectral analysis results of GRB 090809B. Top panel: the best-fit model spectra of the time-resolved spectra
from GRB 090809B for several different time intervals. Bottom panels: the spectral fits to the time-resolved spectra for 3.140 − 3.803 s
(left) and 8.5− 11.3 s (right), and the observed spectrum (fitted with the PL model) for 4.543 − 5.446 s (middle).
14
Fig. 15.— The time-resolved spectral analysis results of GRB 110817A. Top panel: the best-fit model spectra of the time-resolved
spectra from GRB 110817A for several different time intervals. Bottom panels: the spectral fits to the time-resolved spectra for 1.3− 1.7 s
(left) and 3.7− 6.3 s (right), and the observed spectrum (fitted with the PL model) for 2.2− 2.7 s (middle).
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tial wind luminosity Lw profile of τ1 = 32, τ2 = 0.5 and
tˆs = −1.6, the photosphere luminosity Lph profiles (the
points of different shapes and colors for various parame-
ters) are close to the light curve profile of GRB 110817A.
As for the parameter dependencies, the photosphere lu-
minosity Lph falls down more rapidly for a wider jet core
(θcΓ0 = 10, p = 1 or θcΓ0 = 10, p = 4) or larger r0
(r0 = 10
9 cm), and more slowly for a narrower jet core
(θcΓ0 = 1/10, p = 0.5), smaller Γ0 (Γ0 = 200), non-
zero viewing angle (θv = 1/400 or θc = 1/40, p = 4, θv
= 1/40) or larger Lw,p (Lw,p = 10
53 erg s−1).
Furthermore, the evolution of Ep is crucial to judge
whether a GRB prompt emission model is better. Ob-
servationally, the hard-to-soft evolution and intensity-
tracking patterns have been identified (Ford et al. 1995;
Liang & Kargatis 1996; Lu et al. 2010, 2012). For
the photosphere emission model of a uniform jet,
Deng & Zhang (2014) showed that the observed hard-
to-soft evolution pattern cannot be reproduced, and the
Ep−L tracking pattern can be reproduced when the di-
mensionless entropy η depends positively on Lw. Here,
by considering the structured jet and including the Rph <
Rs regime, we can reproduce the hard-to-soft evolution
and intensity-tracking patterns better with the photo-
sphere model.
Based on the numerical results of the time-resolved
spectra presented in Figure 6c (θcΓ0 = 1, p = 1) and
Figure 7b (θcΓ0 = 10, p = 4), we plot the evolution of
Ep with respect to wind luminosity (τ1 = 32, τ2 = 0.5,
tˆs = −1.6) in the top left panel of Figure 17. An ap-
proximate hard-to-soft evolution is shown, except for a
slight increase after the peak of Lw. The evolution is
similar for other Lorentz factor profiles and viewing an-
gles considered above. Now, we perform some analytical
discussions. For the regime Rph > Rs (relatively large
Lw near the peak), the observed temperature can be ex-
pressed as
Tph(θ)∝L
1/4
w r
−1/2
0 [Rph(θ)/Rs(θ)]
−2/3
∝L1/4w r
−1/2
0 {[Lw/Γ
3(θ)]/[Γ(θ)r0]}
−2/3
∝L−5/12w r
1/6
0 Γ
8/3(θ). (27)
Here, the observed temperature is angle-dependent.
Compared with the case of a uniform jet (black solid
line), the Lw −Ep anti-correlation is much weaker. And
if we consider the time-integrated spectra, the anti-
correlation may almost disappear. Then as the Lw falls
down, one enters the regime Rph < Rs, and
Tph(θ) ∝ L
1/4
w r
−1/2
0 . (28)
Now, we have Ep ∝ L
1/4
w , which means Ep decreases.
Thus, a approximate hard-to-soft evolution shows up.
For the time-integrated spectra of the wind luminosity
ar = 0.75, ad = −5 which has a steeper decay phase, the
hard-to-soft evolution is rather well as showed in the top
right panel of Figure 17. For this wind luminosity, the
photosphere luminosity Lph in the decay phase has an in-
dex of ad = −2.5 which is consistent with the average de-
cay phase index d = 2.44±0.12 of a large sample of GRBs
in Kocevski et al. (2003). In addition, with a larger r0
(r0 = 10
9 cm) the evolution of Ep acts as the intensity-
tracking pattern well, as showed in the bottom panel of
Figure 17. This is because the Rph < Rs regime works
for the whole wind profile (For the same reason, the
intensity-tracking pattern can be obtained with smaller
peak luminosity Lw,p = 10
51 erg s−1). And the much
larger r0 is consistent with the rather high mean value
〈r0〉 ∼ 10
8.5 cm deduced in Pe’er et al. (2015).
4. CONCLUSIONS AND DISCUSSION
In this paper, we investigate the time-resolved spec-
tra and Ep evolutions of photospheric emission from
a structured jet. To be more realistic, a continuous
wind with a time-dependent wind luminosity has been
considered. The following conclusions are drawn. (1)
The photosphere spectrum near the peak luminosity is
similar to the spectrum of the cutoff power-law model,
which is the best-fit model for a large percentage of the
time-resolved spectra in GRBs (e.g., Kaneko et al. 2006;
Yu et al. 2016). (2) The photosphere spectrum near the
peak luminosity can have a flattened shape (Fν ∼ ν
0)
below the peak, consistent with the average low-energy
spectral index (α ∼ −1) for the time-resolved spectra ob-
served in GRBs (e.g., Kaneko et al. 2006; Yu et al. 2016).
Also, the distribution of the low-energy spectral index for
our photosphere model is similar to that observed (−2 .
α . 0). For θcΓ0 = 1/10 and p = 0.5, α ∼ −1.8; for
θcΓ0 = 10 and p = 4, α ∼ 0. (3) Judged by the width
of the jet core, the spectral evolutions during the decay
phase for our photosphere model can be mainly divided
into two types. A power law with negative index gradu-
ally emerges for narrower core (θcΓ0 = 1), while a mod-
ified blackbody with a flattened shape (Fν ∼ ν
0) below
the peak shows up for wider core (θcΓ0 = 10, p = 4).
Based on the time-resolved spectral analysis of several
GRBs observed by Fermi GBM and possessing a pulse
that has a rather good profile, we find that the above-
mentioned two kinds of spectral evolutions during the de-
cay phase do seem to exist. The spectral evolution for the
multi-pulse GRBs is similar to that for narrower jet core,
while the single-pulse GRBs similar to wider jet core. (4)
For this photosphere model, we can reproduce the two
types of observed Ep evolution patterns rather well. For
the typical parameters, we get the hard-to-soft evolu-
tion; and for a larger r0 (r0 = 10
9 cm) or smaller Lw,p
(Lw,p = 10
51 erg s−1), we have the intensity-tracking
pattern. From the above, by considering the geometri-
cal broadening for structured jet, we reproduce the ob-
served time-resolved spectra, the spectral evolutions and
Ep evolutions well for the GRBs best fitted by the cut-
off power-law model for the peak-flux spectrum or the
time-integrated spectrum.
Photospheric emission for spherically symmetric
outflows has been investigated by several authors
(Pe’er 2008; Beloborodov 2011; Pe’er & Ryde 2011;
Deng & Zhang 2014). But hydrodynamic simulations for
a jet propagating through the envelope of the progenitor
star (Zhang,Woosley & MacFadyen 2003; Mizuta et al.
2006; Morsony, Lazzati & Begelman 2007; Lazzati et al.
2009; Nagakura et al. 2011) show that the jet should
have lateral structure and rapid time variability. Thus,
in this paper we consider an angular Lorentz factor pro-
file and a continuous wind with a time-dependent wind
luminosity. Lundman et al. (2013) showed that, with an
inner-constant and outer-decreasing angular Lorentz fac-
tor profile and steady-state jet, the photospheric spec-
16
Fig. 16.— The initial wind luminosity Lw and photosphere luminosity Lph profiles. For comparison, the photosphere luminosity Lph
profiles have all been normalized to Lw, p = 1052 erg s−1 at 2.4 s. The initial wind luminosity Lw profiles for the exponential model
(τ1 = 32, τ2 = 0.5, tˆs = −1.6) and the broken power law model (ar = 0.75, ad = −5) are plotted by the red solid line and the blue solid
line, respectively. The photosphere luminosity Lph profiles for the exponential model with various parameters are shown by the points of
different shapes and colors at 1.2 s, 2.4 s and 5 s. While the photosphere luminosity Lph profile for the broken power law model with the
typical parameters (θcΓ0 = 1, p = 1, θv = 0 ) is shown by the blue triangle points at 2.4 s, 4 s and 6 s. The three dashed lines are the
light curves for GRB 110817A (orange), GRB 081224 (black) and GRB 090131B (green), respectively.
Time-resolved photosphere spectra from structured jet 17
Fig. 17.— Evolution of Ep for different parameters. Top left panel: initial wind luminosity Lw (green dashed line) and evolution of Ep
with “θcΓ0 = 1, p = 1”(red solid line), “θcΓ0 = 10, p = 4”(orange solid line) or a uniform jet (black solid line) for the case “τ1 = 32,
τ2 = 0.5, tˆs = −1.6”. Top right panel: Ep evolution (red solid line), the initial wind luminosity Lw (green dashed line) and the photosphere
luminosity Lph (black circle points and blue solid line) for the case “ar = 0.75, ad = −5”. The Ep is for the time-integrated spectra here,
which have a time bin of 1 s (The Ep at 1.5 s is for the time interval of 1 − 2 s, and so on). Bottom panel: initial wind luminosity Lw
(green dashed line) and evolution of Ep with r0 = 109 cm (red solid line) for the case “τ1 = 32, τ2 = 0.5, tˆs = −1.6”.
trum can reproduce the observed average low-energy
photon index α ≈ −1. But whether the time-resolved
spectra, the spectral evolutions and Ep evolutions for
more reasonable energy injection of continuous wind can
match the observations needs to be further considered,
which have been carefully treated in this paper. And we
find that they match well for the GRBs best fitted by
the cutoff power-law model for the peak-flux spectrum
or the time-integrated spectrum. We only give a rough
comparison here since we mainly focus on the model cal-
culations, the complete fit to the data with the model
will be further explored in future works.
In this work, we assumed a local thermal radiation
spectrum for each independently-evolving angular fluid
element and ignored the sideway diffusion effect of pho-
tons at certain angular distance. The sideway diffusion
can cause a smearing out effect on temperature and lead
to a non-thermal spectrum due to inverse Compton ra-
diation for jets with θc ∼ 1/Γ0 (Ito et al 2013, Lundman
et al 2013). Such effect unfortunately can not be calcu-
lated by the approach in this paper. We thus caution the
spectral calculations performed in this paper when θc ∼
1/Γ0, and especially when θc ≪ 1/Γ0.
In addition, we consider non-dissipative fireball dy-
namics here. The radial distributions of the Lorentz fac-
tor and the comoving temperature in dissipative outflows
are significantly different (Giannios 2012; Beloborodov
2013). Energy dissipation in the area of moderate opti-
cal depth has been proposed by many authors, with var-
ious dissipative mechanisms such as shocks (Pe’er et al.
2005, 2006; Lazzati & Begelman 2010), magnetic re-
connection (Giannios 2006; Giannios & Spruit 2007;
Beniamini & Giannios 2017) and proton–neutron nu-
clear collisions (Beloborodov 2010; Vurm et al. 2011).
Then, relativistic electrons are generated that upscatter
the thermal photons to shape the non-thermal spectrum
above the peak energy. Namely, we may get the Band
function spectrum with the observed low-energy photon
index if the subphotospheric dissipation and the geomet-
ric broadening (for structured jet) coexist. So, decided
by whether the dissipation exists, we may obtain the two
kinds of spectra (COMP or Band) for the peak-flux spec-
trum or the time-integrated spectrum within the frame-
work of the photosphere model.
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